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Abstract. We show that there is a link between the Kuramoto paradigm and another system of synchro-
nized oscillators, namely an electrical power distribution grid of generators and consumers. The purpose
of this work is to show both the formal analogy and some practical consequences. The mapping can be
made quantitative, and under some necessary approximations a class of Kuramoto-like models, those with
bimodal distribution of the frequencies, is most appropriate for the power-grid. In fact in the power-grid
there are two kinds of oscillators: the “sources” delivering power to the “consumers”.

PACS. 05.45.Xt Synchronization; coupled oscillators – 74.50.+r Tunneling phenomena; point contacts,
weak links, Josephson effects – 84.70.+p High-current and high-voltage technology: power systems; power
transmission lines and cables

1 Introduction

Synchronization of coupled nonlinear oscillators is a com-
mon phenomenon [1] that often can be dealt with using the
general framework of the so-called Kuramoto model [2,3].
The model originally proposed by Kuramoto assumes
global coupling with each oscillator having its own fre-
quency ωj coupled to all other oscillators on an equal
footing through the sum of a periodic function and whose
strength is determined by a constant K

θ̇i = ωi +
K

N

N∑

j=1

sin(θj − θi + δ). (1)

Synchronization is favored if K is large and the frequency
spectrum of the oscillators is narrow. With two interact-
ing nonlinear oscillators it has long been known (since
the celebrated Huygens experiments on coupled clocks)
that they would tend to synchronize [1]. For many oscil-
lators the observation of mutual synchronization is more
recent, however examples from the nature are numerous,
and are often in qualitative agreement with equation (1),
while some quantitative feature such as the asymptotic
behavior for large coupling values require refinements of
the model [1,3].

Examples that are cited in review articles on the Ku-
ramoto model are for instance synchronization of the
blinks from a group of fireflies [1], synchronization of a
number of Josephson junctions coupled to a cavity [4].
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People walking on the millennium bridge in London will
tend to synchronize their footsteps [5]. The utility power
grid has also been suggested [1] as an example of a sys-
tem of oscillators (power plants producing power at 50 or
60 Hz).

Power plants in a big connected network obviously
should be synchronized to the same frequency. If loads
are too strong and unevenly distributed or if some major
fault or a lightening occurs, an oscillator (power plant)
may lose synchronization. In that situation the synchro-
nization landscape may change drastically and a blackout
may occur. Examples of such blackouts are numerous, but
a well known example is the one in New York in 1965,
where about 25 million people were without electricity for
up to twelve hours.

Such a catastrophe is well understood in the Kuramoto
formalism as a sudden transition from the synchronized
state to the incoherent state [3]. We have noticed several
references to the continent wide power grid as an exam-
ple of coupled oscillators [6]; however we have not been
able to find in the literature a detailed modeling of the
various components in a power grid. In fact on a macro-
scopic scale a simplified approach to model the dynamics
of the grid is necessary, so the network is often simulated
without a detailed model for the oscillators [7]. The pur-
pose of this paper is to make physically reasonable models
of the various components of a power grid: power plants,
transmission lines, distribution lines, transformers, (big)
consumers etc.

In the language of electric power engineering a conve-
nient set of units called per units (p.u.) are often used [8].
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Fig. 1. Equivalent diagram of generator and machine con-
nected by a transmission line. The turbine consists of a flywheel
and dissipation D.

When these units are used, a high voltage line (e.g.
400 kV) connected to a lower voltage line (e.g. 100 kV)
through a transformer and a load at the low voltage side
can be considered as a (transformed) load at the high volt-
age side. This is of course also the case with other unit
systems [8] and the complications due to the details of the
distribution grid can be avoided by transforming all loads
to the same normalized voltage while keeping track of the
power flow. We will thus consider all voltages to have the
same magnitude across the grid; we also neglect reactive
power transfer in the system [8]. A power plant consists
of a ‘boiler’ producing a ‘constant’ power, as well as a
turbine (generator) with high inertia and some damping.
In the p.u. units a section of transmission line to a con-
sumer (see Fig. 1) can be expressed as PMAX sin ∆θ (the
phase difference between the two ends of the transmission
line [8], being θ a phase angle).

Thus in the equivalent diagram of Figure 1 the com-
bination of a power plant and a transmission line looks
like a power source that feeds energy into a rotating sys-
tem. This energy can therefore either be accumulated as
rotational energy, or be dissipated because of the friction.
The remaining part is available for a user (the machine
M), provided that there exists a phase angle difference
∆θ between the two mechanical rotators that produces
the necessary phase shift for ac power transmission. The
power flow analysis can therefore be described in terms
of the phase angles θ‘s that characterize both the rotor
dynamics (and hence the energy stored or dissipated) and
the power flow between any two rotors connected by an
ac line.

With such a model we will then do selected numeri-
cal simulations in the spirit of the Kuramoto formalism to
establish regions of synchronization as well as regions of
instability (blackout) to effectively connect power grid dy-
namics to the problem of synchronization over a network,
a topic of recent great interest [9]. We trust that the ap-
plication of the method developed to treat Kuramoto-like
models can be fruitful for the analysis of power grids. In
fact the approaches for coupled oscillators offer an overall
view of grid dynamics and provide calculations of the sys-
tem properties. One might also hope that the Kuramoto
approach offers a contribute to an intuitive understand-
ing of the system behavior for a large number of compo-
nents. Finally, we aim to spur theoretical research towards
potentially applicable variants of the Kuramoto model.
For this purpose, that we regard as the most relevant, we
have developed in detail some particular modifications of
the Kuramoto model (containing a bimodal distribution
of oscillator frequencies) that make it more appropriate

for power grid analysis. The paper is organized in the fol-
lowing way: Section 2 discusses the grid model and sets up
the equations to map a power flow analysis on the electri-
cal grid onto a dynamic version of the Kuramoto model.
Section 3 presents our numerical simulations for various
geographies of the net. The last section contains summary
and conclusions.

2 The model

We now present the mathematical derivation of the equa-
tions in the static case for the stability analysis. In
Figure 1 we show the basic elements of a power grid: an ac-
tive generator (circle, “G”) and a passive machine (square,
“M”). The generator converts some source of energy into
electrical power, while the reverse is true for a machine.
We indicate with Psource the power source, or the rate at
which energy is fed into the generator. The generator tur-
bine will produce electrical power with a frequency that
is close to the standard frequency Ω of the electric system
(50 or 60 Hz, in the equation for the system described
below):

θ1 = Ωt + θ̃1, (2)

where θ1 is the phase angle at the output generator.
During the rotation the turbine dissipates energy at a
rate proportional to the square of the angular velocity
(Pdiss = FV ∼ V 2)

Pdiss = KD(θ̇1)2, (3)

or it accumulates kinetic energy 1/2 I(dθ1/dt)2 at a rate:

Pacc =
1
2
I

d

dt
(θ̇1)2, (4)

where I is the moment of inertia. The condition for the
power transmission is that the two devices do not operate
in phase, and the mismatch between the two rotators is
indicated by the symbol “∆θ”, being the phase difference
between the active generator and the passive machine:

∆θ = θ2 − θ1 = θ̃2 − θ̃1. (5)

(Let us underline that since all oscillators share the same
common frequency Ω the phase difference between the per-
turbations (the θ̃’s) and the original variables (the θ’s) is
the same quantity.)
As a function of this phase difference the transmitted
power reads:

Ptransmitted = −PMAX sin(∆θ). (6)

Thus each generator or machine is described by a power
balance equation of the type:

Psource = Pdiss + Pacc + Ptransmitted . (7)

Inserting equations (3–6) into equation (7) one gets:

Psource = Iθ̈1θ̇1 + KD(θ̇1)2 − PMAX sin(∆θ). (8)
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We assume to be in the limit of small perturbation of the
synchronous frequency, see equation (2):

˙̃
θ1 � Ω. (9)

Physically, this limit corresponds to the grid operating at
a frequency close to the standard 50 or 60 Hz, with very
small deviations. Under this hypothesis equation (8) can
be approximated with:

Psource
∼= IΩ ¨̃θ1+�I ¨̃θ1+2KDΩ� ˙̃θ1+KDΩ2−PMAX sin(∆θ).

(10)
We will now assume that the coefficient of the first deriva-
tive is constant, neglecting the term proportional to the
acceleration;

¨̃
θ1 � 2KDΩ/I. (11)

In practical terms we assume that the rate at which
energy is stored in the kinetic term (≈IΩ ¨̃θ1) is much
less of the rate at which energy is dissipated by friction

(≈KD
˙̃

θ2
1
∼= KDΩ2), a common condition for mechanical

systems. Under this hypothesis equation (10) becomes:

IΩ ¨̃θ1 = Psource−KDΩ2−2KDΩ ˙̃θ1+PMAX sin(∆θ). (12)

Such equation can be cast into normalized units:

¨̃
θ1 = P − α

˙̃
θ1 + PMAX sin(∆θ), (13)

that is formally identical to the basic ingredient of the
Kuramoto model [2,3].

So far we have considered the deviations from the pre-
determined frequency Ω of the grid to compute the sta-
bility analysis of the deviations from the uniform rota-
tion. Knowing a priori the rotating frequency one could
subtract the uniform rotation [Eq. (2)], thus reducing the
problem to a static solution. However, the mapping onto
some Kuramoto model can be exploited to a much larger
extent to predict the dynamic stability of the system with-
out the assumption of a predetermined frequency. In fact
the Kuramoto model has been proposed to solve the much
more complicated problem of mutual synchronization of
different oscillators when the synchronization in frequency
is not guaranteed. So we now turn to the problem of N
oscillators of the type equation (12). Let us assume that
even subtracting the common frequency Ω each oscillator
will have a natural average velocity close to Ω, the devia-
tion being denoted by the frequency ωi:

〈θ̇i〉 = Ω + ωi. (14)

The ωi are the spreads (due to the differences in the os-
cillators parameters) around zero; spreads that are small,
ω1 � Ω. This corresponds to the fact that power gen-
erators can actually supply ac voltages with frequency
slightly different from the standard reference, see Figure 2.
The origin of the frequency shift in model equation (12)
stems from the presence of different power sources that are
moreover spread around two different peaks: a positive in-
put power for generators and a negative power peak for

Fig. 2. Power-frequency characteristic of electrical plant.

machines. So we should re-write the model equation (12)
in the form:

¨̃θi =
[P i

source

IΩ
− KDΩ

I

]− 2KD

I
˙̃θi +

PMAX

IΩ
sin(∆θ), (15)

where the index i for the power source recalls that the
input power depends upon the site. For completeness let
us add that we are assuming that dissipation is the same
for all sources. Equation (15) reduces to a Kuramoto-like
model:

¨̃θi = wi − α ˙̃θi + K
∑

j �=i

aj,i sin(θ̃j − θ̃i) (16)

with new renormalized parameters wi, α, K, and time to
be defined below. The adjacency matrix ai,j accounts for
the topology of the grid [7], it reads 1 (or any other finite
value) if the nodes i and j are connected, 0 otherwise. In
the all to all coupled model ai,j = 1 ∀ i, j. When time is
normalized with respect to a common frequency Ω−1, the
parameter α for the dissipation reads:

α =
2KDΩ

I
. (17)

The coupling constant K is:

K =
PMAXΩ

I
. (18)

The wi‘s are not centered around zero:

wi =
⎧
⎪⎪⎩

P i
sourceΩ

I
− KDΩ3

I

⎫
⎪⎪⎭ = Wi + w0. (19)

Not surprising we have obtained the same constant shift
of the frequencies as in equation (12) plus a distribution
of the frequencies. A further change of variables to move
in the rotating frame w0t leads, without loss of generality,
to the Kuramoto-like model:

¨̃θi = Wi − α ˙̃θi + K
∑

j �=i

aj,i sin(θ̃j − θ̃i). (20)

As a final remark on the distribution of the Wi let us
underline that the power source can be either positive
(generators) or negative (machines). Therefore one expect
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a bimodal distribution of the frequencies Wi. Neverthe-
less some important results have been derived for the Ku-
ramoto model in presence of bimodal distributions for the
case of global coupling (ai,j = 1). A number of stud-
ies have been devoted to the massless Kuramoto model
in the presence of a bimodal distribution of the oscilla-
tors [10], also in presence of a time delay [11]. The un-
derdamped case has been considered in reference [12]. We
can therefore straightforwardly predict that in the case
of all-to-all (global) coupling the synchronization will oc-
cur for large enough coupling K. Moreover, for the un-
derdamped Kuramoto model it has been predicted that
the synchronization will be hysteretic [13]: increasing the
coupling from the non synchronized solution will not lead
to phase-lock until a critical value which is higher than
the corresponding value obtained decreasing the coupling
from the synchronized mode. Processes such as the in-
sertion of oscillators one by one has been derived in the
case of unimodal compact distributions [14] and with a
modification of the Kuramoto model for a generic distri-
bution [15]. In both cases a sudden transition to the co-
herent state is predicted. However the relevant case here,
equations (19, 20) of a bimodal distribution of the oscilla-
tors on a network with local connections has not yet been
considered, to our knowledge.

3 Numerical results

The combination of equations (13) amounts circuitwise
to the combination of elements shown in the diagram of
Figure 1. So generators and machines can be assembled to
form a circuit and the corresponding equation can be de-
rived. Few examples are shown in Figure 3, ranging from
the simplest Generator-Machine system (3a) to an approx-
imation to the Zealand (Denmark) power grid system (3c).
When the parameters of the circuit elements are given the
corresponding equations are promptly derived, so the net-
work in Figure 3a is described by the normalized equations
(the tilde is omitted for brevity):

θ̈1 = −αθ̇1 + P1 + PMAX [sin(θ2 − θ1) + sin(θ3 − θ1)]

θ̈2 = −αθ̇2 + P2 + PMAX [sin(θ1 − θ2)]

θ̈3 = −αθ̇3 + P3 + PMAX [sin(θ1 − θ3)] (21)

here for simplicity all transmission lines have been as-
sumed identical, and therefore described by the same
parameter PMAX . The same holds for the dissipation
parameter α. The parameter Pi contains the information
on the nature of the device: it is positive for a generator
that is a source of power, and negative for an absorbing
machine.

The equations for Figure 3c are notationally more in-
volved, but straightforward. For instance node 1 corre-
sponds to a generator governed by the equation:

θ̈1 = − αθ̇1 + P1 + PMAX
1A [sin(θA − θ1)]

+ PMAX
1C [sin(θC − θ1)] (22)

(a)

(b)

(c)

Fig. 3. (a) Connection of two generators with a machine. (b)
Connection with three generators with a machine (model “A”
connection in Fig. 5b). The dotted line represents an additional
cross connection between two generators (model “B” connec-
tion in Fig. 5b), the dashed line an additional direct link of
the machine with the remote generator (model “C” connec-
tion in Fig. 5b). (c) Connections of three generators and three
machines as in an approximation to the Zealand (Denmark)
power grid system.
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and, for the particular case here examined, P1 = 2.5,
PMAX

1A = 7, PMAX
1C = 10.

Next we explore the behavior of the simplest layout
(3a) to illustrate the network analysis we can perform
with this simplified reduction. Consider the connection of
Figure 3a, with a machine absorbing 2 power units and
two generators delivering 1 power unit each. We analyze
the behavior of the system under a sudden short pertur-
bation of the type depicted in Figure 4a: the machine for
a short while requires more power than under standard
operation (3 units instead of 2); this extra energy is taken
from the kinetic energy of the rotators that after few time
units restores normal operation. This type of perturbation
is not the standard stability analysis; rather it constitutes
a realistic model of an unbalanced power due to a short
circuit fault. Depending on the system parameters two
outcomes are possible:

1. the network after the perturbation returns to stable
operation (Fig. 4b) after a perturbation ∆P = 1 for
a duration ∆t = 2, in spite of the oscillations in the
delivered power (solid line). The new stable point is
phase shifted with respect to the pre-crisis point of an
integer multiple of 2π (dashed line). In this simula-
tion the return to the synchronous motion is achieved
without a change of the external parameter by the sole
stability property of the system;

2. the network after the perturbation does not return to
stable operation (Fig. 4c) after a perturbation ∆P =
1.5 for a duration ∆t = 2, because the oscillations of
the delivered power (solid line) stay. The phase contin-
uously shifts with some average slope (notice the break
of the axis) of about 24 rad/time unit.

We conclude that in the case 1) the system is capable to
withstand the perturbation, while in the case 2) the net-
work would lose the stability even after the end of the
perturbation. With this definition in mind we have ana-
lyzed a few cases where intuition and simulations of the
most complete model give a reference for the expected
behavior. We have begun with system 3a and varied the
time duration of the perturbation, the basis of the peak in
Figure 4a. It is expected [8] that the relevant parameter is
the total energy of the disturbance, so we have simulated
several pulses with different duration and we have sought
for the minimum height that produces a permanent in-
stability of the type shown in Figure 4b. The results are
shown in Figure 5a. Two features are evident:

a) for short pulses (∆t < 0.5) the behaviour is nonlinear
in the energy,

b) for long pulses (∆t > 0.2) there is enough time for the
system to reach an equilibrium with the perturbation,
so prolonging the perturbation has no effect on the
instability region.

Both results are in qualitative agreement with the network
analysis [8], thus confirming that even this very simplified
version of the power grid can capture some relevant fea-
tures of the real system

Next we have analyzed the effect of the topology of
the connection on a simple network, see Figure 3b. The

(a)

(b)

(c)

Fig. 4. Circuit of Figure 3a, phase dynamics of the machine
and power delivered to the machine. Each generator produces
one normalized unit of energy, while the machine consumes
two units. Dissipation is α = 0.1. (a) Time dependence of the
perturbation of the power absorbed by the machine. (b) Stable
operation after a perturbation. The phase difference is denoted
by a dashed line (left axis) while the power delivered to the
machine by a solid line (right axis). The perturbation (height
∆P of Fig. 4a) is 1 unit. The duration is ∆t = 2 units. (c)
Unstable operation after a perturbation. The notation is the
same as in Figure 4b. The perturbation (height ∆P of Fig. 4a)
is 1.5 unit. The duration is ∆t = 2 units.
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Fig. 5. Analysis of the stability of the system against perturbations. The threshold is the minimum perturbation (see Fig. 4c)
that causes the transition from stable (Fig. 4a) to unstable (Fig. 4b) operation. (a) Behavior as a function of the transmission
lines capabilities (P MAX) for the system of Figure 3a varying the perturbation duration, see Figure 4c. (b) Behavior as a
function of the transmission lines capabilities (P MAX) for the systems of Figures 3a and 3b varying the connections, see caption
Figure 3b. Each generator produces one normalized unit of energy, while the machine consumes three units. Dissipation α is
0.1.

question we have asked is: will the system be capable to
tolerate a more severe shock when a third generator (with
respect to 3a) is just connected to the other two genera-
tors (we call this A configuration), or when also a direct
connection to the absorber is inserted (we call this B con-
figuration, see Fig. 3b with dashed line active) or finally
when the two generators nearest to the machine are di-
rectly connected (C configuration, Fig. 3b with the dotted
line active). To avoid some special value of the parameters
we have systematically investigated a range for the trans-
mission line capability (x-axis, Fig. 5b). For reference we
also show the result for the two-generator case. The figure
demonstrates that the direct connection improves the sta-
bility of the system even if the absorbed power is increased
(having 3 generators we have set the absorbing power of
the machine to 3 units), while a direct connection between
the two satellite generators does not improve the stability
properties.

Also in this case the purpose is to confirm that the
Kuramoto-like model can reproduce at least qualitatively
the more accurate network analysis [8].

In Figure 6 we have analyzed the reaction of the net-
work to disturbances occurring in different points of the
system. The vertical axis reports the minimum value for
the disturbance ∆P to induce a switch to the unsta-
ble operation mode, similar to the transition observed in
Figure 4c. As for the previous case we have investigated
several values for the power transmission parameters to
detect systematic trends. In fact, the behavior is clearly
consistent with the general expectation that stronger con-
nections tend to stabilize the system: the larger the value

Fig. 6. Stability of the nine bus system as a function of the
perturbation in the various consumers for different values of
the transmission power capability. Parameters are the same as
in Figure 3c. Dissipation is set to 0.1.

of the connection Pmax, the larger the perturbation re-
quired to drive the system out of equilibrium. We also
notice that independently of the machine where the per-
turbation occurs, the three curves have approximately the
same slope.

In Figure 7 we have tried to elucidate the effect of in-
ertia on the stability of the system. Considering that the
consumers are not just motors but often purely resistive
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Fig. 7. Stability of the nine-bus system as in Figure 3c varying
the dissipation of the machines and perturbing one machine at
a time. The duration of the perturbation is ∆t = 2 units.

devices it is reasonable to assume that the dissipation will
be higher in the machines (consumers) than in the gen-
erators. We have therefore increased the dissipation α for
the consumers in the network 3c and found the minimum
value of a disturbance capable to destabilize the system,
analogous to the threshold found in Figure 6. In general
the system becomes more unstable increasing the dissipa-
tion of the consumers, but the trend is not obvious and
sometimes even shows windows of poorer stability. This
proves that even for moderately complicated network the
response to strong perturbation can be rather involved.

4 Conclusions

A utility power grid has been analyzed to get insight into
the complicated dynamics that determines the behavior
of the power grid. We found that the dynamics can be
described in the framework of the Kuramoto theory for
coupled oscillators.

Beside the formal analogy, that has its interest per se,
it would be of course also interesting to apply the body of
knowledge accumulated for the Kuramoto model to solve
practical problems of the utility power grid. Let us use
here a word of caution. The approximations employed to
derive the analogy are to some extent relevant, for in-
stance we completely neglect the so called active control
that continuously monitors power distributions and tries
to maintain the system in a stable state. For a simple sys-
tem of few generators and users it makes little sense to use
the approximated equations, when the usual engineering
methods are much more accurate. However, the power grid
is becoming increasingly articulated, and the use of many
small power sources (referred to as microgenerators, i.e.
small windmill or photovoltaic roofs on private homes),
that are not controlled by a centralized management is
increasing. It is in this direction that we believe a sim-
ple physical model can help, suggesting qualitative design

rules of the network that favor stable operation. However,
as we have mentioned, the appropriate local Kuramoto
model with inertia and bimodal distribution is still un-
explored – not to speak of the necessity to extract from
the predictions results that are robust enough to be ap-
plied to a practical grid. We hope this paper can anyway
constitute a stimulus for research in such direction.

G.F. wishes to thank the financial support from the ESF
network-programme “Arrays of Quantum Dots and Joseph-
son Junctions”. N.F.P. was supported by the Danish STVF
program “New Superconductors”.
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